Abstract Regression analysis is performed on a data set of temperature-dependent material properties of several ceramic materials. The materials considered are alumina, aluminium nitride, beryllia, fused quartz, sialon, and silicon nitride. The properties considered are density, Young's, bulk, and shear moduli, Poisson's ratio, tensile, flexural and compressive strength, thermal conductivity, specific heat capacity, and thermal expansion coefficient. The data set, previously reported by de Faoite et al. 
Introduction
Representative material property data, given as a function of temperature where possible, have been gathered from the literature, reviewed, and previously reported by the current authors for material specifications of alumina, aluminium nitride, beryllia, fused quartz, sialon, and silicon nitride [1] . The material specifications have been chosen to best reflect advanced commercially available material grades. The compiled data set is not a review of all existing data, but a representative summary of data for commercially available material grades. Property data in the open literature is sparse for some material properties for certain materials; in particular for fused quartz and sialon materials, and for tensile and compressive strength properties.
These material property data have been collated to aid in the materials selection and design of a gas containment tube (GCT) for the helicon section of the Variable SpecificImpulse Magnetoplasma Rocket (VASIMR Ò ) [2] [3] [4] [5] , an advanced electric propulsion rocket currently being developed by the Ad Astra Rocket Company, Houston, Texas. This data set can be used in the engineering design of ceramic component with complementary material requirements, such as the selection of materials for microwave and RF waveguide windows, dielectric components in ion engines and hall thrusters, dielectric heat spreaders in electronics, as well as components for other advanced plasma devices such as ITER [6, 7] .
For ceramic components which may experience high temperatures during operation, consideration of the variation of material properties with temperature is essential for accurate modelling and materials selection. Regression analysis is performed on the temperature dependence of material property data from this data set for alumina, aluminium nitride, beryllia, fused quartz, sialon, and silicon nitride. The goal of the regression analysis is to calculate a set of regression coefficients which, in conjunction with the regression functions, form a simplified, self-consistent representation of the material property data set. Reducing the data set to regression data allows design engineers to efficiently use the data. Such data are particularly useful for use in numerical simulations; e.g., such as [7] [8] [9] . The resulting regression data can be used by design engineers in the initial stages of design, to model the performance of systems containing these materials over a wide range of temperatures.
The material properties which are independent of each other are analysed independently. The related material properties of Young's, bulk, and shear moduli, and Poisson's ratio are analysed simultaneously in order to yield a selfconsistent data set. The procedure used to analyse related material properties simultaneously is described in ''Global curve fitting of elastic properties''. Regression analysis was not possible for every material property for each material, due to the limited data available, but have been presented where possible. The material properties considered here are listed in Table 1 . Representative room temperature values, are given in Table 2 for ease of reference.
It is recognised that some observed quantities, such as density, elastic moduli, Poisson's ratio, specific heat capacity, and thermal expansion coefficient, are directly related to inter-atomic bonding. These may be referred to as ''intrinsic material properties''. Other observed quantities, such as flexural, tensile and compressive strength, and thermal conductivity are strongly dependent upon external factors such as processing, forming, finishing, environmental conditions, and the details of the testing procedure. These may be referred to as ''extrinsic material quantities'', due to their dependence on external factors. However, in this paper both intrinsic material properties and extrinsic observed quantities are referred to as ''material properties'' for simplicity.
Regression procedure
All curve fitting in this study is done on a least-squares basis. Regression models are used which represent a mathematical relationship between the independent variable and the observations. A residual e i is defined as the difference between the observed data value y i and the predicted data valueŷ i from the regression model f:
The sum-of-squares method seeks to find the coefficients of the regression model by minimising SS, the sum of the square of the residuals:
where a; b. . . are the curve fit coefficients used in this particular curve fit model; the number used depends on the No claim is made of the regression models representing the underlying physics of the variation of the material properties with temperature; they simply act as convenient mathematical expressions. For each material property, the simplest curve fitting model available that adequately describes the data is used. A summary of the regression functions used is given in Table 3 , and their individual use will be justified in sections ''Flexural, tensile, and compressive strength-Coefficient of thermal expansion'' and ''Global curve fitting of elastic properties'' of this paper.
Weightings
The data set analysed contains experimental observations from numerous different experiments [1] , and differing numbers of observations are reported from each experiment. A procedure is required to ensure that experiments reporting observations at closely spaced temperature intervals do not unduly influence the calculation of the regression coefficients over those experiments reporting observations at fewer temperatures. This is done by calculating weightings for each observation.
For each material property, data are obtained from J different experiments. Some experiments report many data points as a function of temperature, while others report a single data point at a single temperature. The assumption is made that each experiment, whether yielding one or many data points, is of equal validity, and thus should be given equal weighting in the curve fitting process. If each individual data point were given equal weighting, experiments reporting data at closely spaced temperature 
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An entry of ''-'' for all coefficients indicates that no recommended curve fit can be given, due to insufficient data for this material. intervals would predominate over those reporting data more sparsely with temperature. The number of observations in each of the J experiments is denoted K j , 1 B j B J, where K j will in general be different for each experiment. The total number of observations from all experiments is denoted N. The weight assigned to each observation w k j is given by:
For the weighting w k j , the superscript j indicates that the weighting pertains to data from experiment j, 1 B j B J, while the subscript k indicates that the weighting is for the observation k from that experiment, 1 B k B K. The total weighting given to the experiment j-i.e., the sum of the individual weightings for all observations in the experiment-is:
Therefore, the experiment has the same total weighting of N/J, independent of the number of observations in each experiment. The sum of all weightings w tot is given by:
The unweighted sum-of-squares is equivalent to having a weighting of 1 for all observations, in which case the sum of all weightings would also be N. Thus, we will use weighted least-squares regression, minimising the following sum-of-squares:
Here w i are the weightings of each observation, 1 B i B N.
Independent curve fitting
Density, flexural, tensile and compressive strength, specific heat capacity, thermal conductivity, and coefficient of thermal expansion are considered independently in this study. The details relating to the regression analysis of these material properties are discussed in this section.
Density
Density measurements come from both X-ray diffraction measurements and direct density estimates [1] . These two measurements are used together for some but not all materials to estimate density. Density variations with temperature are related to thermal expansion coefficients. However, in general the change in density with temperature is very small, and in any case for numerical simulations, changes in density may be calculated automatically by numerical software from thermal expansion coefficients.
For density, the variation with temperature is not considered, and the average of room temperature density data is taken for each material. Thus, a curve fitting procedure is not required.
Flexural, tensile, and compressive strength
Munro [10] uses the following regression model for the flexural strength of alumina:
and uses the following one for the tensile strength of alumina:
where T is temperature (°C). For the compressive strength of alumina, Munro uses a quadratic polynomial. For the flexural, tensile, and compressive strength of alumina, only a small number of additional sources could be found over those identified in the Munro review. Therefore, the regression functions and coefficients recommended by Munro for these properties are used here also, and are given in Tables 3 and 4 , respectively.
For the flexural strength of aluminium nitride, and the flexural and tensile strength of silicon nitride, the following regression function is used:
For beryllia there are large difference between the data of Beaver et al. [11] , Carniglia et al. [12] , and Fryxell and Chandler [13] . This leads to there being no satisfactory way to fit one function to all the data. Due to the fact that the experimental method of Fryxell and Chandler is described very clearly, and the fact that the data of Fryxell 
For fused quartz no temperature-dependent data exist in the original data set. For sialon only one RT flexural strength value and one value at elevated temperatures is given. Therefore, no regression analysis is performed for flexural or tensile strength for these materials.
The absence of intermediate temperature data for ceramics leads to uncertainty in the form the regression model should take. In this work regression functions which yield the lowest sum of error estimate (SEE) are chosen.
Specific heat capacity
The regression function used by Munro [10] for alumina is:
For fused quartz a polynomial is used. In order to choose the polynomial degree to use for fused quartz, polynomials of increasing degree were fit to the data. The fit order at which the variance r 2 , as computed below, showed no further statistically significant decrease, provides the best model [14] :
where r 2 is the variance, e are the residuals, N is the number of data points, and m is the degree of the polynomial. For this data set, the variance was a minimum for a fourth degree polynomial:
Thermal conductivity
For alumina the following regression function, used by Munro [10] , is used:
For aluminium nitride and beryllia a modified form of Eq. (16), without the constant term, is used here:
This provides a fit with a lower SEE than the un-modified equation, yielding a better fit for these materials than Eq. (16). For fused quartz, curve fits are presented for both the true and effective thermal conductivity. All data up to 350°C is used in the regression analysis of both true and effective thermal conductivity. For the effective thermal conductivity, above 350°C data of Sugawara [15] is used.
For the true thermal conductivity, above 350°C data of Sergeev et al. [16] is used. Fourth-degree polynomials, Eq. 15 are used for both properties. For fitting sialon, the following function was found to provide a fit with a lower SEE than either Eq. 16 or 17, and was thus used:
This is in essence a simplified version of the Munro equation without the exponential term.
Coefficient of thermal expansion
In this study, regression analysis is performed independently on coefficient of thermal expansion (CTE) data. For crystalline materials, the macroscopic CTE and the lattice parameters are inter-related properties. Where lattice parameter data are also available, global regression analysis can be performed on these and macroscopic CTE data in order to yield the best overall data set. Data for mean and instantaneous CTE, definitions of which may be found in [1] , must be clearly distinguished. In this study, 0°C is taken as the reference temperature for the mean CTE. Curve fitting is first performed for instantaneous CTE data. A corresponding curve fit for the mean CTE is then calculated from this using the relevant equation.
One form of fitting function that can be used for CTE is Eq. 13, the functional form used by Munro [10] for CTE, (the same as the functional form used by Munro for specific heat capacity). This functional form can be used either for the mean or instantaneous CTE. For alumina, Eq. 13 is used in this study. The data of Munro [10] is for the mean CTE, so this has been converted to instantaneous CTE values. For aluminium nitride and for beryllia the data presented by Slack and Bartram [17] , not included in the preceding work by the current authors [1] , are considered the most reliable are used as the recommended curve. The regression coefficients in Table 4 for aluminium nitride and beryllia are for a curve fit of these data.
For fused quartz, a cubic polynomial is used as the regression model:
For sialon, only the thermal expansion data of Swab et al. [18] is available. It is deemed that there is insufficient data to perform a curve fit. ceramics considered here are anisotropic, the macroscopic polycrystalline material may be considered pseudo-isotropic. In this study, curve fits are created simultaneously for these material properties. The advantage of this approach is that it ensures self-consistent curve fits, as the inter-relations are built into the fitting procedure. An additional advantage is to provide a better curve fit for each property, by leveraging experimental data from all properties. Although some variation in Poisson's ratio does occur with temperature, this variation is typically small. Thus, here the Poisson's ratio is assumed to be constant with respect to temperature. This assumption greatly simplifies the temperature-dependent inter-relations between the elastic properties. The assumption makes the variations in E, K, and G with respect to temperature linearly proportional to each other. The same form of fitting equation is used for these three properties. Each curve fit has three coefficients: z 0 , z 1 , z 2 for Young's modulus; k 0 , k 1 , k 2 for bulk modulus; and g 0 , g 1 , g 2 for shear modulus. These coefficients are not independent and are related by the proportionality between E, K and G. However, the numerical value of the proportionality is not known a priori, and is determined implicitly in the least squares minimisation. We have four independent variables to optimise: z 0 , z 1 , z 2 and m. We minimise an objective function-a sum of squared error terms. The problem is re-configured as a constrained optimisation problem, subject to the constraints imposed by the elastic moduli equations. An equation is constructed for each data point of each material property to characterise its deviation from the curve fit equation for that material property. The deviation measures for all data points from the four material properties are then simultaneously minimised in the least-squares sense.
As was done for the independent regression analysis discussed in ''Weightings-Independent curve fitting'' sections, the assumption is made that each experiment is of equal validity, and is thus assigned equal weighting. Here, the weightings used are w m , w E , w G , and w K , for Poisson's ratio, Young's, shear, and bulk moduli, respectively. These account for the differing numbers of data points reported from each experiment, ensuring that experiments for which a large number of data-points are reported, are not given disproportionate influence. In addition, these weightings used for the global regression analysis of the elastic properties account for the different numerical magnitudes of m, E, G, and K. The weighting used for each data-point is:
Here, y k j is the observation k, 1 B k B K from experiment j, 1 B j B J, while w k j is the weighting relating to that observation. The residuals which are minimised thus characterise the deviation from each data-point as a fraction of the value of the data-point. The Wachtman equation [19] has been shown to work well to describe the temperature dependence of Young's or bulk moduli over a wide range of temperatures:
where Y 0 is the Young's or bulk modulus at 0 K, and both T 0 (K) and B (GPa K -1 ) are empirical fitting parameters, related to the Debye temperature and Grüneisen parameter. The parameter T 0 is relatively sensitive to small variations or errors in Young's or bulk moduli data [20] .
For the polycrystalline ceramics, the simultaneous curve fitting procedure was initially attempted using the Wachtman equation. However, it was found that the parameter T 0 was too sensitive to scatter in the data. Therefore, a simple quadratic polynomial regression model is used here instead:
In contrast to polycrystalline ceramics, the elastic moduli of fused quartz increase with increasing temperature. For fused quartz a simple cubic polynomial (Eq. 19) is used, as per the approach previously discussed in ''Specific heat capacity'': To define the error functional, expressions are written for the deviation from the curve fit equation:
Here, m i , E i , G i , and K i are the value of the regression function for Poisson's ratio, Young's, shear, and bulk moduli, respectively, at the value of independent variable corresponding to data point i, 
Here, N m , N E , N G , and N K are the number of data-points for Poisson's ratio, Young's, shear, and bulk moduli, respectively. One limitation of the global curve-fitting method is that it does not work well for sparse data sets. In this study, global curve fitting of the elastic properties has been performed for alumina, aluminium nitride, and fused quartz. However, for beryllia, sialon, and silicon nitride there were insufficient data in the available data set to successfully perform global curve fitting. Another limitation of the global curve-fitting method, particularly when used in conjunction with a weighting system, is that outlier data values can have a significant effect on the calculated curve fit. For the elastic properties of alumina and aluminium nitride, outlier values were omitted from the global regression analysis. This resulted in the calculation of a better fit for the remaining data.
Results
Curve fit coefficients are given in Table 4 , along with cross-references to the applicable equation from the preceding analysis. Representative material property values at 20°C are given in Table 2 Table 2 , rounded to two significant figures.
Data values and calculated regression fits for five material properties for fused quartz are plotted in Fig. 1 . Data values and calculated regression fits for thermal conductivity of the six materials considered in this study are plotted in Fig. 2 .
All coefficients determined here are given to four significant figures in order to ensure accurate reconstruction of the curve fit.
Conclusions
Regression analysis has been performed, where possible, on several material properties for the six materials of interest. Insufficient data were available to allow for reliable curve fitting of all material properties for all materials. A paucity of data exists for tensile strength, bulk modulus, and in particular compressive strength of these materials. Clearly, experimental study is required to address this lack of material property data in the peer-reviewed open literature.
